This paper aims to examine flexural vibrations of fully saturated poroelastic structures on an elastic bed subjected to moving point loads via an analytical solution. Using a flexural beam model in conjunction with the Biot's poro-elasticity theory, the equations of motion of the porous structure are derived. Using assumed mode method and Laplace transform, the explicit expressions of displacement and pore pressure are obtained carefully.
Introduction
Based on the Terzaghi's consolidation theory [1] , Biot [2] [3] [4] [5] initiated the continuum mechanics theory of dynamic poroelastic bodies. This theory deals with the motion of both solid and fluids within its pores and their interactions [6, 7] . In general, the fluid phase consists of both liquid and gas matters. A poroelastic body is characterized by its porosity, permeability as well as the properties of its constituents, namely solid skeleton and fluid. It implies that all these data should be appropriately incorporated into the equations of motion of the porous structure. For many practical applications, a linear theory of poroelasticity can be safely exploited for stress analyses of porous media. To date, such a theory has been widely applied to a large body of problems pertinent to biomechanics and medical engineering [8] [9] [10] , geomechanics [11] [12] [13] , hydrology [14, 15] , materials science [16] [17] [18] , physics and geophysics [19] [20] [21] [22] .
Concerning the mechanical behavior of a poroelastic structure subjected to a dynamic load, a typical behavior of time-varying pore pressure was initially reported by the Mandel [23] . An analytical solution for three-dimensional consolidation problems based on the Biot's theory [2] was proposed, and the non-monotonic pore water pressure was observed.
Afterward, Cryer [24] predicted similar results for consolidation of the center of a porous sphere zone acted upon by a hydrostatic pressure. The influence of the Poisson's ratio on the pore pressure was also addressed. Such a non-monotonic response of the pore fluid pressure was then referred to as the Mandel-Cryer effect [25, 26] . Abousleiman et al. [27] generalized the Mandel's problem to a poroelastic medium with compressible fluid and transverse isotropy. Further, a full solution of stresses, displacements, and pore pressure was obtained to display the Mandel-Cryer effect. Until now, poroelastic beams have been widely employed as simple models for structural elements, bone structures, and geological layers. Li et al. [28] developed the equations of motion for a transversely isotropic poroelastic beam subjected to a longitudinal or transverse loads when only the longitudinal motion of the fluids within the pores is possible. Using series solutions, the quasi-static problem of the porous beam is examined for different mechanical and diffusion boundary conditions. Cederbaum et al. [29, 30] pointed out interesting behavior patterns of poroelastic beams and columns with only longitudinal diffusion. In this paper, based on the developed poroelastic model by Li et al. [28] , transverse vibration of a porous beam-like structure subjected to a moving concentrated load is aimed to be investigated in some detail.
Vibrations of solid beam and plate structures acted upon by moving loads [31] [32] [33] [34] [35] [36] [37] , moving masses [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , and moving mass-sprung systems [55] [56] [57] have been examined. Kiani et al. [58] also examined the role of shear deformation on vibrational behavior of poroelastic beams under a moving pointed load. Most of these studies displayed the influence of the dynamical parameters of the system on the transverse displacement of the elastic beam.On the other hand, dynamic responses of poroelastic half-space soil media subjected to moving loads have been extensively studied [59] [60] [61] [62] [63] [64] [65] [66] . In most of these investigations, the time history plots of transverse displacement and pore pressure of particular points were demonstrated for special levels of the velocity. Additionally, the influence of the moving load velocity on the maximum dynamic response of displacements and pore pressure was not explained and discussed. Such an important issue plays a vital role in optimal design and practical applications of porous structures. Herein, the porous medium traversed by a moving load is modeled by a poroelastic beam of finite length and determination of the roles of the foundation stiffness, permeability, and velocity of the moving pointed load on the maximum transverse displacement and maximum pore pressure are of particular interest.
To date, flexural vibrations of poroelastic plates have been examined in some detail [67] [68] [69] [70] [71] . Further, in-plane and torsional vibrations of poroelastic cylinders have been studied [72, 73] . Although there exists a plentiful literature of solutions on different classes of problems, an analytical solution for the vibration of poroelastic beams acted upon by a moving load remains hitherto absent. Thereby, we focus on a class of poroelastic beam-like structures with only longitudinal diffusion of fluid within the pore network. Since only fluid movement in the longitudinal direction is permitted, it is expected that transverse vibration of the structure could be controlled more effectively by not only the mechanical boundary conditions, but also by the diffusion conditions at both ends of the poroelastic beam. The present work deals with an exemplifying model to explore vibration of saturated poroelastic media, confined between doubly parallel impermeable layers, under moving loads. For example, a confined soil layer via geotextile layers subjected to moving vehicles can be appropriately modeled by that displayed in this paper.
In the present work, transverse vibration of beam-like poroelastic structures rested on an elastic foundation due to a moving point load is of concern. By employing Biot's and EulerBernoulli beam theories, coupled equations of motion are developed and analytically solved.
The explicit expressions of dynamic displacement and pore pressure of a simply supported poroelastic beam are derived. Through various numerical studies, the roles of the influential factors on the maximum values of displacement and pore pressure are investigated. The obtained results for poroelastic beams with low and high levels of the permeability ratios are discussed for a wide range of the velocity of the moving load.
Basic assumptions and formulations
Consider a homogeneous poroelastic beam which is fully saturated by a fluid which can only move along the longitudinal direction of the beam as shown in Fig. 1 . The density of the fully saturated medium, length, moment inertia, and cross-sectional area of the beam are denoted by ρ, l, I, and A, respectively. The beam is subjected to a load moves with a constant velocity, v. The moving load enters the beam from the left at the time t=0, and its location on its upper surface is represented by x m . The poroelastic beam is located on an elastic medium. To consider the transverse interaction of the beam with its foundation, the beam has been continuously attached to an elastic layer with constant k s (i.e., Winkler spring model). It is assumed that the height of the beam is fairly negligible in compare to its length. Further, after deformation by the moving point load, each cross-sectional plane remains plane which would be perpendicular to the neutral axis. Therefore, the beam could be rationally modeled by the Euler-Bernoulli beam theory. Based on the Biot's model [2] for transversely isotropic materials, the constitutive equations read:
where σ s αα are the effective normal stresses, s αα are the normal strains of the skeleton, c ij is the material property matrix, ζ denotes the pore volume change, p f is the pore pressure, and the parameters α i and G rely on the properties of both solid and fluid phases as well as the morphology of the pores. The two later ones link the deformation of the solid phase to the movement of fluid inside the pores and vice versa. Since bending behavior of the poroelastic medium subjected to a moving load is of interest, one can rationally set σ s yy = σ s zz = 0. As a result, the constitutive equations in Eqs. (1a) and (1b) reduce to the following relations: 
where M p is defined as the pore pressure moment. Using Newton's second law for an element of the poroelastic beam through neglecting the rotary inertia effect, the governing equations could be expressed by: 
Eq. (5) capturing the dynamic response of thick enough porous beams or those with low levels of the slenderness ratio, shear deformable beam theories should be employed [74] [75] [76] . Additionally, the present equation only covers the case that the fluid inside the pores only moves along the longitudinal direction and its transverse seepage is prohibited. Otherwise, the interactions between deformation of the beam and transverse movement of the fluid must be also taken into account. The discussion on such interesting subjects is out of the scope of the present article and could be considered as hot topics for future complementary works.
Concerning the movement of the fluid through the connected pores within the beam, the generalized form of the Darcy's law by [2] could be employed:
where 
where k p is the longitudinal permeability of the porous medium. By substituting Eq. (2b) into Eq. (7), then premultiplying both sides of the resulting equation by −z and taking the integral from both sides over the cross-sectional area of the poroelastic beam yields:
where k = λEk p ηµ f and λ = η βE . Eq. (8) vibrating poroelastic beam subjected to a moving load. In order to determine the unknown fields of the problem, namely w and M p , the appropriate initial and boundary conditions should be imposed. It is assumed that the beam has simple ends and the seepage could be freely occurred at its ends. Therefore, the fields of our interest should satisfy the following boundary conditions:
Additionally, it is assumed that the poroelastic beam to be at rest at the entrance of the moving load. Thereby, the following initial conditions should be imposed:
To evaluate the elastic fields of the porous medium, Eqs. (5) and (8) with the given conditions in Eqs. (9) and (10) should be appropriately solved. In the next part, an analytical solution is developed for dynamic analysis of the poroelastic beam under excitation of a moving point load.
Development of an analytical solution
To analyze the problem in a more general framework, the following dimensionless parameters are considered:
By introducing Eq. (11) to Eqs. (5) and (8), the dimensionless governing equations of the problem at hand take the following form:
with the following boundary and initial conditions:
Using assumed mode method, the dimensionless transverse displacement and pore pressure moment of the poroelastic beam can be expressed in terms of admissible mode shapes as:
where a n (τ ) and b n (τ ) are the time-dependent parameters that should be determined. In remainder of this section, for two time intervals, analytical solutions to the problem based on the Laplace transform are given.
Phase I: When the moving load is being in contact with the base beam: 0 < τ < τ f
By substituting Eqs. (14a) and (14b) into Eqs. (12a) and (12b) and using the relation:
the following linear ordinary differential equations (ODEs) are obtained:
with the following initial values:
where g * n = nπvl EI ρA . By taking the Laplace transform of both sides of Eqs. (16a) and (16b),
where
Eqs. (18a) and (18b) can be also rewritten in terms of fractional statements from which inverse Laplace transform could be evaluated more conveniently. Hence,
where p in ; i = 1, . . . , 5 are the complex roots of the fifth-order polynomial of the denominators of Eq. (18) (which is also called the characteristic relation of the poroelastic beam), and the procedure of calculating the complex numbers A in and B in , has been explained in some detail in appendix A.1. Thereby, by applying the inverse Laplace to both Eqs. (20a) and (20b), the dimensionless dynamic transverse displacement and pore pressure moment of the poroelastic beam during the course of excitation are provided by:
Phase II: When the moving load has left the poroelastic beam: τ > τ f
In this case, by introducing Eqs. (14a) and (14b) to Eqs. (12a) and (12b), the governing equations associated with the free vibration of the poroelastic beam in terms of time-dependent parameters are derived as:
where a n = a n (τ ), b n = b n (τ ), and τ = τ − τ f . Additionally, the requirement of continuity of the transverse displacement and pore pressure moment as well as their velocities at the end of the excitation phase (i.e., τ = τ f ) leads to the following initial conditions:
By employing Laplace transform to solve the set of ODEs in Eqs. (22a) and (22b) with the given initial values in Eq. (23), one may arrive at:
where A 2n = a n (0), B 3n = b n (0),
Now by decomposing Eqs. (24a) and (24b) into simpler ratios and taking the inverse Laplace transform of the resulting expressions, the dynamic transverse displacement and pore pres-sure moment of the poroelastic beam during the course of free vibration are evaluated as follows:
where the values of A in , B in , p in and q in are given in appendix A.2.
Results and discussion

Some comparison studies in particular cases
In order to ensure regarding some parts of the carried out calculations, the obtained results by the proposed model are compared with those of other works in some special cases.
Lee [77] 
where r 0 and δ in order denote the gyration radius of the beam's cross-section and the static deflection of the beam's midspan point due to a statically applied load at that point. In Fig. 2 , the transverse displacement at the location of the moving load for two levels of the foundation stiffness and moving load velocity have been plotted. The predicted results by the proposed model as well as those of Lee [77] are demonstrated with dashed and solid lines, respectively. As it can be seen in Fig. 2 , there is a reasonably good agreement between the obtained results by the proposed model and those of Lee [77] . In the case of v = 0.5 V cr and k s = 10 6 , the discrepancies between the predicted results of the present work and those of Lee [77] are somehow more obvious with respect to other cases. It is mainly related to this fact that both inertial effects of the moving load and shear deformation of the beam were taken into account in the proposed model by Lee [77] whereas such effects have not been considered in the present study. Thereby, the maximum transverse displacement of Lee [77] is somewhat greater than that predicted by the present model.
In another comparison work, the obtained results by the proposed model are checked with those of Lou et al. [78] . Using finite element method, Lou et al. [78] Lou et al. [78] . For a wide range of the velocity of the moving mass, Fig. 3 shows that the present model can capture the results of Lou et al. [78] with a good accuracy. According to 
Parametric studies
Using the proposed model, the effects of moving velocity, permeability of the porous medium, stiffness of the foundation, and viscosity of the pore fluid on dynamic displacement and pore pressure moment as well as their maximum values are going to be examined. In all calculations, P = 1000 N , A = 0.5 m 2 , and l = 5 m have been considered for two porous structures with low and high permeability coefficients. The mechanical properties of these two porous media are given in Table 1 . In this Table, k s , k f , e, and ν represent the solid bulk modulus, fluid bulk modulus, void ratio, and Poisson's ratio, respectively, and we have
and Table 1 ). These figures are, respectively, associated with the low and high permeable structures. As it is seen in Figs. 9(a) and 9(b), the maximum dynamic displacement would lessen as the foundation stiffness magnifies. Such a reduction is more apparent for lower levels of the foundation stiffness. Interestingly, by increasing of the pore fluid viscosity, the maximum transverse displacement would decrease. Such a behavior is more apparent for the low permeable beam with respect to the high permeable one. It is chiefly related to this fact that at lower levels of the permeability coefficient, by increasing of the viscosity, the fluid movement inside the pores would become slower. Such an interesting behaviour could be interpreted by Eq. (8) through the definition of the factor, k.
Influence of the void ratio on the maximum pore pressure moment
The role of the porosity on the generated maximum displacement of the poroelastic beam due to a moving load is the subject of another crucial study that should be explored. by an increase of the void ratio from 0.6 to 0.95 for the low permeable medium and from 0.4 to 0.6 for the high permeable one, the permeability coefficient of these structures would magnify from 5.2 × 10 −9 to 5.2 × 10 −8 and from 0.7 × 10 −2 to 1.6 × 10 −2 , respectively. As it is explained in an earlier part, the maximum dynamic responses would generally lessen as the permeability coefficient of the porous medium increases. Additionally, the influence of the pore fluid viscosity on the poroelastic beam with lower levels of void ratio is more obvious.
Conclusions
In this paper, the authors investigated lateral vibrations of an elastically rested isotropic poroelastic beam with longitudinal movement of the pore fluid under action of a moving pointed load. To this end, the beam was simulated according to the hypotheses of the continuum-based Euler-Bernoulli beam theory and the interactions of the beam structure with its underlying medium was modeled by the Winkler foundation. By implementing the Biot's poro-elastic theory, the governing equations were extracted carefully and then solved by using assumed mode method in the case of simply supported boundary condition.
The explicit expressions of the dynamic transverse displacement and the pore pressure were derived using Laplace transform technique. The influences of the moving load velocity, permeability coefficient, foundation stiffness, pore fluid viscosity, and porosity on the maximum dynamic displacement as well as the pore pressure were addressed in some detail.
The suggested methodology in the present work for obtaining vibrations of poroelastic beam-like structures provides a solid base for dynamic analysis of more complex structures including poroelastic media subjected to moving loads with allowance of fluid movement in bi-directions, multiple-poroelastic-systems under the action of moving loads, and so on.
These critical subjects are regarded as hot topics for future works that could be followed by interested investigators. In this case, Eq. (20a) can be rewritten as follows:
By comparing Eq. (A.1) and Eq. (18), one can arrive at:
(A. 4) In order to calculate the unknown coefficients B in , a procedure identical to that used for evaluating A in is followed.
Appendix A.2. When the moving load has left the poroelastic beam
During the course of free vibration, Eq. (24a) can be rewritten as:
where p in are the roots of the third-order polynomial in the denominator of Eq. (24a). Since
Eq. (A.5) is equivalent to Eq. (24a), it is obtained:
By solving the set of algebraic equations in Eq. (A.7), the unknown parameters A in could be determined. Finally, by taking the inverse Laplace transform of Eq. (A.5), the values of a n (τ ) during the course of free vibration are calculated as:
(A.8)
In order to evaluate b n (τ ), we follow the same procedure mentioned in the previous part.
Therefore,
where q in are the poles of the denominator of Eq. (24b), and the magnitudes of B in can be determined by solving the following set of equations:
